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The leptonic decay of charged pions is investigated in the presence of background magnetic fields. In
this situation, Lorentz symmetry is broken, and new fundamental decay constants need to be introduced,
associated with the decay via the vector part of the electroweak current. We calculate the magnetic field
dependence of both the usual and a new decay constant nonperturbatively on the lattice. We employ both
Wilson and staggered quarks and extrapolate the results to the continuum limit. With this nonperturbative
input, we calculate the tree level electroweak amplitude for the full decay rate in strong magnetic fields. We
find that the muonic decay of the charged pion is enhanced drastically by the magnetic field. We comment
on possible astrophysical implications.
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Introduction.—Strong (electro)magnetic fields bear a
significant impact on the physics of various systems,
ranging from off-central heavy-ion collisions through the
evolution of the early universe to magnetized neutron stars
(magnetars). In particular, many novel phenomena emerge
from the competition between electromagnetism and color
interactions if the magnetic field B becomes similar in
magnitude to the strong interaction scale: eB ∼ Λ2QCD. If the
time scale of the fluctuations in B is larger than other
relevant scales of the problem, it is reasonable to treat the
magnetic field classically as a background field. For
reviews on this subject, see for example Refs. [1,2].
Such a background magnetic field is known, for instance,
to affect the phase diagram of quantum chromodynamics
(QCD) [3–5]. For cold astrophysical environments, the low-
emperature (hadronic) phase of QCD is particularly rel-
evant. In this regime, a prime role is played by the lightest
hadrons, i.e., pions and kaons. Specifically, their masses
appear in the nuclear equation of state within compact
stellar objects and, thus, influence their mass-radius rela-
tions. For stability and equilibrium analyses, the respective
decay rates are equally important. Dominant cooling
mechanisms for magnetars [6] involve (inverse) β decay,
photo-meson interactions, and pion decay [7]. Pions
radiate energy via inverse Compton scattering until they
decay, imprinting the spectrum of the subsequently
produced neutrinos [8]. Strong electromagnetic fields
are also created in violent astrophysical processes, such
as neutron star mergers and supernova events, where weak
nuclear reactions and decays govern cooling mechanisms
and affect the neutrino spectrum [9].
The B dependence of pion masses has been investigated
in various settings, ranging from chiral perturbation theory
[10,11] through numerical lattice QCD simulations [3,12–
14] to model approaches [15–20]. Less is known about the
decay rates for nonzero magnetic fields. The decay constant
for the neutral pion has been studied in chiral perturbation
theory [10,11,21] and in model settings [15–19,22]. The
decay constant of the charged pion has only been discussed
so far in chiral perturbation theory [11].
In this Letter, we investigate the magnetic field depend-
ence of the decay rate of charged pions at zero temperature.
We demonstrate that the previous studies in this direction
are incomplete: in the presence of the magnetic field, both
neutral and charged pions have two independent decay
constants, of which only one has been investigated up to
now. We determine both decay constants for charged pions
nonperturbatively on the lattice, employing two different
fermionic discretizations. Using this QCD input, we
proceed to calculate the weak decay rate using leading-
order electroweak perturbation theory. For this calculation,
we employ the lowest Landau level (LLL) approximation
for the outgoing charged lepton state, which is a viable
simplification for strong background magnetic fields. Our
preliminary results using Wilson fermions on a reduced set
of lattice spacings were presented in Ref. [23].
Pion decay constants.—The pion decay constant is
related to the hadronic matrix elements Hμ of the weak
interaction current between the vacuum and a pion state
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with momentum pμ. For B ¼ 0, parity dictates that the
matrix element h0jd¯γμujπ−i vanishes, since the only
Lorentz structure available is pμ:
Hμ ≡ h0jd¯ðxÞγμð1 − γ5ÞuðxÞjπ−ðpÞi
¼ −h0jd¯ðxÞγμγ5uðxÞjπ−ðpÞi ¼ −ieipxfπpμ: ð1Þ
The coefficient fπ is the pion decay constant, which
coincides for negatively and positively charged pions
due to charge conjugation symmetry. Throughout this
Letter we use the normalization where fπ ≈ 131 MeV
for a physical pion in the vacuum.
In the presence of a background electromagnetic field
Fμν, the relation (1) takes a more general form. Exploiting
Lorentz covariance, using the tensor Fμν and the vector pμ,
additional vector and axial vector combinations can be
formed:
h0jd¯ðxÞγμγ5uðxÞjπ−ðpÞi ¼ ieipx½fπpμ þ f00πeFμνpν;
h0jd¯ðxÞγμuðxÞjπ−ðpÞi ¼ ieipx

i
f0π
2
ϵμνρσeFνρpσ

; ð2Þ
where e denotes the elementary charge and we follow the
convention ϵ0123 ¼ þ1. Charge conjugation implies that
the decay rate is the same for positively and negatively
charged pions, and it is also independent of the direction of
the magnetic field. This is ensured by the ratios fπ=f0π and
fπ=f00π being real, as we will see below. In our conventions,
all three decay constants are real and positive. We remark
that the new Lorentz structures also exist for matrix
elements involving neutral pions.
We consider a background magnetic field B that points
in the z direction, implying F21 ¼ −F12 ¼ B. For a pion of
mass Mπ with vanishing momentum along the magnetic
field, p3 ¼ 0,
H0 ¼ −ieiMπx0fπMπ; H3 ¼ eiMπx0f0πeBMπ: ð3Þ
For charged states that are in the LLL, only these two
components of Hμ contribute to the decay rate. (For details
on this and further elements of the perturbative calculation,
we refer to the Supplemental Material [24].) The decay
constants fπ and f0π depend on the Lorentz scalars
FμνFμν=2 ¼ B2 and pμpμ ¼ M2πðBÞ.
The matrix element of the vector current can also be
interpreted from a different perspective: the magnetic field
mixes the pion with the ρ meson having zero spin
projection along the magnetic field (i.e., s3 ¼ 0) [14].
Since the latter has the same quantum numbers as the μ ¼
3 component of the vector part of the electroweak current,
this mixing gives rise to a nonzero value for the vector
matrix element, the second relation of Eq. (2).
We mention that for nonzero temperature, an additional
vector uμ describing the thermal medium (u0 ≠ ui) appears
and leads to a splitting between spatial and temporal decay
constants (see, for example, Ref. [22]). Here, we work at
T ¼ 0, where this effect is absent. Furthermore, note that,
the presence of the two terms fπ and f00π in the first relation
of Eq. (2) implies that the axial vector matrix element is
different for indices μ ¼ 0, 3 and μ ¼ 1, 2, as was also
found in Ref. [22]. However, for a purely magnetic back-
ground, the term involving f00π is absent from H0 and H3.
Pion decay rate.—The weak interaction matrix element
(3) enters the rate of the leptonic decay process
π−ðpÞ → l−ðkÞν¯lðqÞ, where p, k, and q denote the four
momenta of the pion, the charged lepton l and the
antineutrino ν¯l, respectively. The decay into a muon l ¼
μ is the dominant channel, with a decay fraction of 99.98%
[25] at B ¼ 0.
We work at the tree level of electroweak perturbation
theory and employ the effective, four-fermion interactionwith
Fermi’s constant G as a coupling. Because of the current-
current structure of the effective electroweak Lagrangian
[26,27], the decay amplitude factorizes into leptonic and
hadronic parts,M ¼ G= ﬃﬃﬃ2p cos θcLμHμ, where the Cabibbo
angle θc entered, due to the mixing, between the down and
strange quark mass eigenstates. The relevant hadronic com-
ponents Hμ are shown in Eq. (3). Moreover, the leptonic
component reads Lμ ≡ u¯lðkÞγμð1 − γ5ÞvνðqÞ in terms of the
bispinor solutions ul and vν.
The decay rate Γ involves the modulus square of the
amplitude, integrated over the phase space, and summed over
the intrinsic quantum numbers of the outgoing asymptotic
states. To find the latter for the charged lepton, we need the
bispinor solutions of the Dirac equation forB > 0. These are
the so-called Landau levels—orbits localized in the spatial
plane perpendicular to B with quantized radii. The Landau
levels come with a multiplicity proportional to the flux Φ ¼
jeBjL2 of the magnetic field. In order to regulate this
multiplicity, we need to assume that the outgoing states
are defined in a finite spatial volume V ¼ L3. For the decay
rate, such volume factors will cancel.
For strong fields, the dominant contribution stems from
the lowest Landau level. The sum over the multiplicity of
the LLL states gives [28]
X
LLL
ulðkÞu¯lðkÞ ¼
Φ
2π
ð=kk þmlÞ
1 − σ12
2
; ð4Þ
where =kk ¼ k0γ0 − k3γ3 and σ12 ¼ iγ1γ2 is the relativistic
spin operator. Equation (4) reflects the fact that the LLL
solutions have their spin antialigned with the magnetic field
(since the lepton has negative charge) and are characterized
only by the momentum along the z direction (i.e., alongB).
Because of angular momentum conservation, the antineu-
trino spin is also aligned with the magnetic field. Moreover,
the right-handedness of the antineutrino also sets the
PHYSICAL REVIEW LETTERS 121, 072001 (2018)
072001-2
direction of its momentum to be parallel to the mag-
netic field.
Having determined jMj2, we finally need to integrate
over the phase space for the outgoing particles. The
resulting decay rate reads
ΓðBÞ ¼ jeBjG
2
4π
cos2θcjfπ þ if0πeBj2
m2l
Mπ
: ð5Þ
As anticipated above, the decay rate only depends on the
magnitude of B, due to the absence of an interference term
in jfπ þ if0πeBj2 ¼ f2π þ ½f0πeB2. Dividing by the B ¼ 0
result [26], the dependence on G and θc cancels:
ΓðBÞ
Γð0Þ ¼
f2π þ ½f0πeB2
f2πð0Þ

1 −
m2l
M2πð0Þ
−2 2jeBj
Mπð0ÞMπðBÞ
: ð6Þ
We stress that this result was obtained using the LLL
approximation, which is in general valid for strong fields
[2,29]. For the leading-order perturbative decay rate,
higher Landau levels turn out to give zero contribution
for eB > M2πð0Þ −m2l.
Lattice setup.—Equation (6) contains three nonperturba-
tive parameters that describe the response of the pion to the
background field: MπðBÞ, fπðBÞ, and f0πðBÞ. We calculate
these via two independent sets of lattice QCD simulations.
First, we work with quenched Wilson quarks. The zero-
temperature ensembles, generated and analyzed in Ref. [14],
are supplemented by a fourth, finer lattice ensemble, so that
the lattice spacing spans 0.047 fm ≤ a ≤ 0.124 fm. The
B ¼ 0 pion mass is set to Mπð0Þ ≈ 415 MeV. To remove
B-dependent Oða2Þ effects on quark masses, the bare mass
parameters are tuned to fall on the magnetic field dependent
line of constant physics determined in Ref. [14].
In the second set of simulations, we work with Nf ¼
2þ 1 flavors of dynamical staggered fermions, using the
ensembles of Refs. [3,30]. The employed lattice spacings
lie in the range 0.1 fm ≤ a ≤ 0.22 fm, and the quark
masses are set to their physical values [31] such that
Mπð0Þ ≈ 135 MeV. For both formulations, we perform a
continuum extrapolation based on the available four lattice
spacings. This enables us to quantify the systematics
related to the differences between the two approaches:
heavier-than-physical versus physical pion mass and
quenched versus dynamical quarks. We remark that sim-
ulations with dynamical Wilson quarks in the presence of a
background magnetic field would require computational
resources that are by orders of magnitude larger than those
used for the current study.
The general measurement strategy involves the analysis
of the matrix elements H0 and H3 of Eq. (3). These are
encoded in the spatially averaged Euclidean correlators
COPðtÞ ¼ h
P
xOðx; tÞP†ð0; 0Þi with O being either of
P ¼ u¯γ5d, A ¼ u¯γ0γ5d or V ¼ u¯γ3d. In the large-t limit,
the dominant contribution to the spectral representation of
all three correlators comes from a pion state. We fit the
three correlators using
COPðtÞ ¼ cOP½e−Mπ t  e−MπðNt−tÞ; ð7Þ
where the positive sign is taken for CPP and the negative
for CAP and CVP due to the time reversal properties of the
correlators. The decay constants are extracted via
fπ ¼ ZA
ﬃﬃﬃ
2
p
cAPﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MπcPP
p ; if0πeB ¼ ZV
ﬃﬃﬃ
2
p
cVPﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MπcPP
p ; ð8Þ
where ZA and ZV are the multiplicative renormalization
constants of the axial vector and vector currents.
For Wilson quarks, we employ smeared pseudoscalar
sources (for more details, see Ref. [14]) and fit all three
correlators simultaneously. For the staggered analysis, we
work with point sources and fit the CAP and CPP correlators
to find Mπ and fπ . In a second step, volume sources are
employed for CVP=CAP to enhance the signal in f0π=fπ. The
staggered discretization of A and V requires operators
nonlocal in Euclidean time and has been worked out in
Ref. [32]. For staggered quarks and the currents we use
the renormalization constants are trivial, ZA ¼ ZV ¼ 1.
For Wilson quarks, this is not the case; nevertheless, these
ultraviolet quantities are expected to be independent of
the magnetic field. We employ the B ¼ 0 nonperturbative
results of Ref. [33] (see also Ref. [34]) and fit these in
combination with the asymptotic perturbative two-
loop results of Ref. [35] (see also Ref. [36]) to a Pade´
parametrization.
Results.—Inspecting the B > 0 correlation functions, we
see clear signals for CVP (see the Supplemental Material
[24]), which vanishes at B ¼ 0. The mass and the decay
constants are extracted using the fits described in Eqs. (7)
and (8). For the complete magnetic field range, the pion
mass is found to be described within 5% by the formula
Mπ=Mπð0Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ jeBj=M2πð0Þ
q
; ð9Þ
which assumes pions to be pointlike free scalars. This has
been observed many times in the literature, both using
dynamical staggered [3], quenched Wilson [12,14], and
quenched overlap quarks [13].
The normalized combinations fπ=fπð0Þ and f0πeB=fπð0Þ
are shown for four lattice spacings in Fig. 1, both for
staggered and for Wilson fermions. To parametrize the B
dependence, we found that it is advantageous to consider
polynomial fits for the amplitudes fπMπ and f0πeBMπ of
the matrix elements of Eq. (3). The continuum extrapola-
tion is carried out by including lattice artefacts ofOðaÞ (for
Wilson) and Oða2Þ (for staggered) in the coefficients.
Specifically, the parametrizations of the individual decay
constants read
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fπ=fπð0Þ ¼ ½1þ c1jeBjMπð0Þ=Mπ;
f0π=fπð0Þ ¼ ½d0 þ d1jeBj þ d2jeBj2Mπð0Þ=Mπ; ð10Þ
and Mπ=Mπð0Þ is taken from Eq. (9). The quality of the
staggered data for f0π=fπð0Þ only allows for a fit with
d1 ¼ d2 ¼ 0. For larger magnetic fields, we also include a
systematic error estimated using the uncertainties of the
data at high B. Ideally, the analysis in this region should be
complemented by additional finer ensembles to make the
continuum extrapolation of f0π more robust. Within our
range of B fields, however, the decay rate and its uncer-
tainty are dominated by fπ.
Motivated by the dependence ofMπ=Mπð0Þ on the scaling
variable eB=M2πð0Þ, we compare the continuum extrapolated
Wilson results (obtained for Mπð0Þ ¼ 415 MeV) to the
staggered data (obtained for physical pion masses), after
rescaling the magnetic field for the latter. In particular, we
take the staggered results for fπ=fπð0Þ at the magnetic field
eBð415=135Þ2. The resulting curve is also included in the
lower panel of Fig. 1, revealing a nice agreement between the
two approaches. In particular, the slope at the origin is found
to be−16.9ð3Þ GeV−2 for staggered and−1.7ð2Þ GeV−2 for
Wilson—the ratio of which is consistent with the squared
pion mass ratio.
For low magnetic fields, the ratio f0π=fπð0Þ approaches a
constant so that in this case the two discretizations can be
compared to each other without a similar rescaling. We
indeed find consistent results: f0π=fπð0Þ ¼ 0.8ð2Þ GeV−2
for staggered and 1.2ð3Þ GeV−2 for Wilson, respectively.
We note that, the errors of the staggered data for this decay
constant increase quickly as B grows, rendering a com-
parison for higher magnetic fields inconclusive. We men-
tion moreover that due to the different treatment of sea
quark loops in the two approaches, the observed agreement
is rather surprising and calls for a better understanding of
the role of dynamical quarks in the Wilson setup.
To determine the decay rate (6), we employ the con-
tinuum extrapolated staggered results. On the basis of the
above comparisons, we also consider the Wilson results,
using a rescaling to the physical point as explained above.
For the pion mass, we use the analytic dependence (9),
including a 5% systematic error. The so obtained curves for
the muonic decay rate are shown in Fig. 2 for magnetic
fields eB ≤ 0.45 GeV2, where both staggered and
(rescaled) Wilson results are available. The decay rate is
enhanced drastically by the magnetic field: for eB ≈
0.3 GeV2 we observe an almost 50-fold increase with
respect to B ¼ 0. We note that, while the ordinary decay
mechanism dominates in our study, the contribution of the
FIG. 1. Continuum extrapolation (gray bands) of the decay
constants for staggered (upper panel) and Wilson quarks (lower
panel). Both panels include results for fπ=fπð0Þ (upper points)
and for f0πeB=fπð0Þ (lower points). The staggered results were
obtained at the physical point, while the Wilson results corre-
spond to a B ¼ 0 pion mass ofMπð0Þ ¼ 415 MeV. For fπ=fπð0Þ
we also compare the two continuum extrapolations after a
rescaling of the magnetic field for the staggered curve (purple
band; see the text for details).
FIG. 2. The muonic decay rate in units of its B ¼ 0 value using
the continuum extrapolated staggered results with physical quark
masses (green). For comparison, the continuum extrapolated
Wilson data at higher-than-physical quark masses are also
included after a rescaling of the magnetic field by the squared
pion mass (yellow). The LLL approximation we employed for the
decay rate is valid for eB > M2πð0Þ −m2μ, marked by the dashed
vertical line.
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new vector decay constant f0π grows to about 10% of the
total decay rate at the largest magnetic field of Fig. 2.
We remark that Eq. (6), supplemented by our staggered
lattice results, suggests the decay rate K− → μ−ν¯μ to be
enhanced only by a factor of about two at eB ≈ 0.3 GeV2.
This is mainly due to the larger mass of the kaon. Finally,
the pion decay rate into electrons undergoes an enhance-
ment by a factor of about ten. In fact, according to Eq. (5)
the ratio of muonic and electronic decay rates becomes
independent of the magnetic field,
ΓðBÞπ→eν¯e=ΓðBÞπ→μν¯μ ¼ ðme=mμÞ2 ≈ 2.27 × 10−5; ð11Þ
and is by about a factor of 5.4 smaller than the correspond-
ing fraction 1.23 × 10−4 at B ¼ 0.
Conclusions.—In this Letter, we computed the rate for
the leptonic decay of charged pions in the presence of
strong background magnetic fields. The result is given by
Eq. (6), for which we employed electroweak perturbation
theory and the lowest-Landau-level approximation for
the outgoing charged lepton l, valid for strong fields.
Including higher-order terms in the electroweak calculation
(see, e.g., Refs. [37,38]), as well as going beyond the lowest
Landau level is possible, allowing one to systematically
improve this result. In this case also, the constant f00π , that
we have not determined here, may enter.
We demonstrated that—besides the ordinary pion decay
constant fπ—the decay rate depends on an additional
fundamental parameter f0π. The latter decay constant
characterizes a new decay mechanism that becomes avail-
able for nonzero magnetic fields. We calculated both decay
constants, together with the pion mass, using lattice
simulations employing dynamical staggered quarks with
physical masses, and also compared to the results of
quenched Wilson simulations with heavier-than-physical
quarks. For both cases, continuum extrapolations were
carried out to eliminate lattice discretization errors. For
low magnetic fields, we obtain for the new decay con-
stant f0π ¼ 0.10ð2Þ GeV−1 þOðBÞ.
Our final result for the full decay rate is visualized in
Fig. 2, revealing a dramatic enhancement of the rate or,
correspondingly, a drastic reduction of the mean lifetime
τπ ¼ 1=Γ. A typical B > 0 lifetime is
τπ ¼ 5 × 10−10 s for B ≈ 0.3GeV2=e ≈ 5 × 1015 T:
Since lifetimes of magnetic fields in off-central heavy-ion
collisions are by 14–15 orders of magnitude smaller [1], it
is clear that this effect will not result in any observable
predictions for heavy-ion phenomenology. However, the B
dependence of weak decays is expected to be essential in
astrophysical environments. (Notice that, the upper limit
for magnetic field strengths in the core of magnetized
neutron stars is thought to be around B ¼ 1014–1016 T
[39,40].) Indeed, for B ¼ 0, the pion mean lifetime and the
time scale for cooling via inverse Compton scattering are
roughly comparable [8]. Thus, a reduction in τπ will
inevitably decrease radiation energy loss of pions and
result in a harder neutrino spectrum.
Similarly to the pion decay rate, the magnetic field will
have an impact on (inverse) β-decay rates and nucleon
electroweak transition form factors. Indeed, an enhance-
ment by the magnetic field is expected for processes
involving nucleons as well [41–43], see, e.g., the review
[44]. The tools developed in the present Letter will also be
useful to study these effects that are relevant for cold and
magnetized environments.
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